Introduction
Inferred reserves are expected future additions to proved reserves in identified fields. These resources accounted for 65 percent of the total oil and 34 percent of the total gas assessed in the U.S. Geological Survey's (USGS) 1995 National Assessment of oil and gas resources in United States onshore and State offshore areas (Gautier and others, 1996) . The assessment predicted that during the 80-year period from 1992 through 2071, sizes of pre-1992 conventional oil and gas discoveries in the onshore and State offshore areas of the conterminous United States would increase by 48 billion barrels of crude oil (BBO) and 313 trillion cubic feet of wet gas (TCF) (290 TCF dry gas). Inferred reserve estimates were calculated by the extrapolation of historical trends rather than the application of geologic concepts. Because the computations to derive statistical estimates of inferred reserves are complex, only point estimates were reported and the uncertainty of those estimates was not addressed.
In recent years inferred reserves have been the dominant source of the Nation's new proved reserves. Proved reserve levels are important because they are leading indicators of the sustainability of production. Because no more than 10 to 15 percent of the proved reserves in conventional fields can be extracted annually without risking reservoir damage, proved reserves limit annual production to an amount well below recoverable resource volumes. Accordingly, production forecasts should also reflect the uncertainty associated with statistically based inferred reserve estimates.
This report presents uncertainty estimates for the 1995 inferred reserves values. The method to obtain the uncertainty estimates represents an application of the bootstrap theory (Efron and Tibshirani, 1998) and the algorithm used to calculate inferred reserves for the 1995 USGS Assessment (Root and others, 1997) . The report is organized as follows: (1) data and method used for estimating inferred reserves; (2) the bootstrap procedures applied to compute the confidence intervals; (3) the implications of uncertainty in inferred reserve estimates to energy policy analysis.
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Concepts and Nomenclature
Inferred oil and gas reserves are defined here as cumulative future additions to proved reserves in oil and gas fields discovered as of a certain date. Proved reserves are estimated quantities of hydrocarbons that geologic and engineering data demonstrate with reasonable certainty to be recoverable from identified fields under existing economic and operating conditions (Society of Petroleum Engineers, 1987; Securities and Exchange Commission, 1981) . Inferred reserve estimates may specify the time period during which the additions are expected to occur. Here, "field growth" refers to annual additions to
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By Emil D. Attanasi and Timothy C. Coburn 1 reserves in previously identified fields. Known recovery, the estimate of field size used here, is defined as the sum of a field's past production and its current estimate of proved reserves.
Analysts have frequently observed that when fields are grouped by year of their discovery (or vintage), the sum of the field size estimates (known recoveries) for each vintage tends to increase systematically over time. Figure 1 shows a partial discovery table that arrays the sum of the estimates of known recoveries of gas in gas fields by the particular vintage year shown in the first column. For each row or vintage year, entries from left to right represent the sum of estimates of field sizes (known recovery) as of 1977, 1978, … to the last year of data. The systematic change across estimate years suggests that a statistical approach to modeling the process of field growth might be appropriate.
During field development, proved reserves increase, and hence estimates of known recovery increase, as delineation drilling extends the boundary of the productive area. Estimated field size increases as the lateral boundary of the field is extended and as newly discovered pools that are shallower or deeper are added ( fig. 2) . Estimated field size also increases with improved recovery of in-place hydrocarbons resulting from well stimulation and fluid injection.
Discovery
No Drew, 1997) . In practice, the operator or regulatory body may classify accumulations penetrated by wells 1 through 5 as a single field or as more than one field. Recognition of relationships among accumulations could also be further complicated by order in which wells were actually drilled. Open symbol, dry hole; half-filled symbol, successful producers. 
Known productive limits of proven pool
The U.S. Department of Energy defines a field as an area consisting of a single or multiple reservoirs all grouped or related to the same individual geologic structure and (or) stratigraphic feature. Two or more reservoirs that occur in the field may be separated by impermeable strata vertically, laterally, or both (Energy Information Administration, 1998). In practice, the definition of an oil or gas field is not exact. Pools are not always assigned to fields for well-defined geologic reasons; assignments may be for regulatory convenience or may reflect the discovery sequence of the pools. Depending on the sequence of the discovery of pools, accumulations shown in figure 2 may be assigned to a single field or to more than one field.
For any vintage, the annual growth factor for fields of age i is the ratio of the aggregate estimated volume of known recovery at (i+1) years after discovery to the aggregate estimated volume of known recovery i years after discovery. The cumulative growth factor is the ratio of the aggregate estimates of field sizes m years after discovery to the aggregate initial estimates of known recovery. Cumulative growth factors can also be computed as the successive products of annual growth factors. For each vintage, the cumulative growth function is represented by the series of cumulative growth factors computed for each successive year after discovery ( fig. 3 ). The appendix shows the mathematical expressions of the growth function and the procedure used to compute it.
Data
The inferred reserve estimates of the U.S. Geological Survey's 1995 National Assessment were based on estimates of known recovery of conventional oil and gas fields discovered before 1992 and located in onshore areas and State waters of the United States (fields in the Federal Outer Continental Shelf are excluded). The basic data are the Oil and Gas Integrated Field File (OGIFF). The U.S. Energy Information Administration (EIA) compiles these data from proprietary industry responses to the "Annual Survey of Domestic Oil and Gas Reserves" (EIA-Form 23). The compiled data are a series of annual estimates, starting in 1977, of individual field sizes in volumes of both crude oil and wet gas. The EIA data consist of short series of estimates of field sizes rather than complete histories of fields from discovery to abandonment.
Fields are classified as non-associated gas if the ratio of the estimated gas recovery to oil recovery is at least 20,000 cubic feet of wet gas to one barrel of oil. Otherwise a field is assumed to be an oil field. Fields discovered before 1901 and those without discovery dates are excluded. Field age is the number of years since discovery. Production begins for most onshore lower 48 fields soon after discovery.
Estimation of Inferred Reserves: Statistical Approach
The 1995 procedure for estimation of inferred reserves started with the preparation of a discovery 3) were then determined using the 1993 version of the OGIFF (field estimates were as of the end of 1991). The method for determining the cumulative growth function amounted to a constrained optimization procedure described in detail in Attanasi and Root (1994) . Two assumptions were made: on average, (1) the total known recovery of fields in specific vintage does not shrink as with age, and (2) the total known recovery in older vintages cannot grow by a larger factor in 1 year than total known recovery of a younger vintage. With these assumptions imposed as constraints, cumulative growth functions will be monotone (Appendix). After each vintage has reached a maximum of 91 years 3 since discovery, it is no longer assumed to grow.
In summary, the approach to estimation of inferred reserves first requires that cumulative growth factors be calibrated and then used with the latest year estimate of known recovery for fields in each vintage to generate annual additions to reserves through the next 80 years (1992 to 2071). Specifically, growth factors and the 1991 estimates 4 of known recovery of oil and gas fields were used to compute annual additions to reserves through an 80-year period starting in 1992. The sum of annual estimates from 1992 through 2071 constitutes the 80-year point estimate of inferred reserves. 2 OGIFF data have no geologic information associated with them. Fields producing principally from unconventional accumulations were identified by geologists and excluded from the data used to determine the cumulative growth functions and to estimate inferred reserves. 3 The 91 years represents the time span over which the growth factors were computed . 4 At the time of the 1995 assessment, the 1991 estimates were the latest estimates of field sizes in OGIFF. 
GAS IN GAS FIELDS
The series of annual reserve additions and the inferred reserve estimates at 30 and 80 years are referred to here as the base case. Annual additions to proved reserves of (associated) gas from discovered oil fields were obtained by applying the cumulative growth function for oil to the known recovery of associated gas. 5
Bootstrap Procedures
The bootstrap is a method for constructing the sampling probability distribution of sample statistic when the probability distribution governing the population is unknown. Here, the statistic of interest is represented by the base case estimate of inferred reserves (either oil or gas) for the 80-year period. The sampling distribution is ultimately used to construct confidence limits for the sample statistic (that is, the base case estimate). The motivation for the application of the bootstrap is the following.
Suppose we want to determine the sampling distribution of a statistic, T(x), which is calculated from observed data, x a vector. If T(x) is a simple analytic function of the data and the probability distribution F x that generates x is known, a theoretical approach could be used to obtain an exact or approximate expression of the sampling distribution of T(x). If T(x) is a complicated function of the observations (as is the base case estimate of inferred reserves) but the probability distribution generating the observations is known, standard Monte Carlo simulation could be used to numerically generate the probability distribution for T(x). But for this case, the probability distribution F x is unknown.
The bootstrap method is based on the idea of "resampling with replacement" the original sample, F*, of n observations on which the statistic of interest, T(x), is computed. Data values are assumed to be equally likely events. For each bootstrap replicate the statistic T(x) is computed, and is now denoted T(x) to indicate its association with the bootstrap replicate. The procedural requirement to sample with replacement leads to the possibility of generating all possible combinations of data (Efron and Tibshirani, 1998) . If the original sample data are such that F* (the original empirical distribution) reasonably represents F x (the population), then with a sufficient number of bootstrap replications, the sampling distribution of T(x) will approximate the actual sampling distribution of T(x) reasonably well.
The bootstrap procedure was applied as follows. The original sample is represented by the data used in the base case. A stratification scheme was devised so that each vintage (set of fields with a common discovery year) represented in the original discovery table comprised one of the strata. Field records (the series of 15 estimates, 1977 through 1991, of individual field sizes) were grouped by vintage, and the records for each vintage were sampled with replacement to construct a bootstrap replicate of size n i , where n i is the original (total) number of field records for that vintage (last column of fig.  1 To obtain the j th bootstrap estimate of inferred reserves, T j (x), the monotone cumulative growth function was determined using the associated bootstrap discovery table, and annual field growth was calculated for an 80-year period from 1992 through 2071. To assure stability of the confidence intervals, 2,000 bootstrap replicate discovery tables, growth functions, and field growth calculations were computed for both oil and gas. The procedure was applied to oil and gas fields separately. The 2,000 bootstrap replicates for estimates, T j (x), of inferred reserves for oil constituted the bootstrap distribution for oil in oil fields for the 80-year period. Similarly, the 2,000 bootstrap replicates of the estimates of inferred gas formed the bootstrap distribution for gas in gas fields for the 80-year period. The bootstrap distributions of T(x) were the basis for construction of approximate 90 percent confidence intervals for the base case estimates of the 80-year estimates of inferred reserves. The 30-year inferred reserve estimates were also computed.
For oil and non-associated gas, respectively, figure 4A and figure 4B show the base case annual field growth calculations, along with the mean and median of all 2,000 bootstrap replicates. Parts A and B of figure 5 are the bootstrap distributions of 80-year growth (cumulative additions to reserves) for oil and total gas, respectively. The additions to proved reserves of (associated) gas from discovered oil fields are calculated by application of the cumulative growth function for oil to the known recovery of associated gas. 7 The distributions representing 80-year inferred reserves of associated gas and non-associated gas were combined to compute the total gas distribution ( fig. 5B ) using Monte Carlo simulation.
Approximate Nonparametric Confidence Intervals
The distributions of bootstrap estimates of inferred reserves were used to compute approximate confidence intervals for the base case estimates. Because the forms of the bootstrap distributions as shown by the histograms in figure  5A and B, were not readily identified with any known parametric distribution, a nonparametric approach to confidence interval construction was employed. The medians of the bootstrap distributions shown in figure 5A and B deviate slightly from the base case 8 ; consequently the approximate confidence intervals based on the bootstrap distributions were recentered about the base case. To accomplish this, the bias-correction procedure for the percentile method of confidence interval construction outlined by Efron and Gong (1983) . Base case annual estimates of additions to A, oil reserves from oil fields, and B, gas reserves from non-associated gas fields, discovered before 1992 in lower 48 onshore and State water areas, along with the mean and median of the associated bootstrap distribution.ˆ that distribution. When the distribution is not centered on p k , as in this case, a (bias) correction must be applied to the endpoints of the interval to ensure probability coverage of 1-2α. The adjustment is based on standardizing the difference between p k and the median of the empirical bootstrap distribution in the following manner. Suppose Q(p k ) is the proportion of the empirical distribution that is smaller in value than p k .
where S -1 is the inverse function of the standard normal distribution.
The bias-corrected 1 -2α central confidence interval on p k is given by
where z α is the 100(1-α) percentile of the standard normal distribution (Efron and Gong,1983) , S is the standard normal cumulative distribution, and Q -1 is the inverse of the bootstrap distribution. If the bootstrap distribution is centered on p k , then Q(p k )=0.5 and z 0 in equation (5) Table 1 shows base case estimates of the cumulative additions to oil and gas reserves for 30 (1992-2021) and 80 (1992-2071) years of growth (Root and others, 1997) , along with endpoints of the associated recentered 90 percent confidence intervals. To compute the base case estimate of total inferred gas, the base case point estimates of non-associated and associated gas were simply added. However, in order to obtain proper confidence intervals, the bootstrap distribution of the non-associated gas inferred reserve estimates and distribution of the associated gas inferred reserve estimates were combined using Monte Carlo simulation. The bootstrap distributions for non-associated gas and associated gas were derived independently, and growth functions for gas fields and oil fields were determined separately. In the absence of strong evidence to the contrary, the aggregation assumed statistical independence of the non-associated gas and associated gas distributions.
According to table 1 for the base case, the 30-year inferred oil reserve estimate represents 69 percent of the corresponding 80-year calculation. The 30-year calculation of the total gas inferred reserve estimate is 63 percent of the corresponding 80-year estimate. This is consistent with the profiles of additions to reserves shown in figure 4A and B. For the 80-year estimates, endpoints for the recentered confidence interval for total oil are 25 BBO and 82 BBO, respectively, with the base case point estimate at 47 BBO. The non-associated gas recentered confidence interval endpoints are 153 TCF and 356 TCF, respectively, and the base case point estimate is 223 TCF. The endpoints of the recentered 90 percent confidence interval for total gas, over the 80-year period, are 227 and 439 TCF, respectively and the base case estimate is 313 TCF (293 dry gas). The results presented in table 1 and the distributions shown in figure 5 convey more information about the properties of the inferred reserve estimates than the singular point estimates reported in the past.
Summary and Implications
Note that the specific focus of this report is to provide a method for quantifying uncertainty that is unique to the problem of estimating inferred reserves. The estimation of inferred reserves departs from conventional parametric statistical methods because of the complexity of the problem and the inability to obtain a solution using traditional analytic methods. The 
RELATIVE LIKELIHOOD
Bˆˆˆˆ inferred estimation procedure initially relies on a form of constrained optimization to determine the cumulative growth function, where the basis of the optimization is the minimization of the sum of squared differences between estimated and actual values within the data. No assumptions are made about the underlying distribution of the differences, the presence or absence of correlation among them, or what they physically represent. The bootstrap procedure is used to obtain numerical, rather than analytical, characterization of the distribution of inferred reserve estimates. Finally, the bootstrap distributions of inferred reserve estimates provide the basis for constructing approximate confidence intervals that convey uncertainty about the single point estimate; and because the form of the bootstrap distributions cannot be established analytically, a nonparametric approach to confidence interval construction was employed.
The individual field records spanned a 15-year period (1977 through 1991), which include times of boom and bust "typical" of the petroleum industry. The comparison of shortterm predictions with any particular near-term realization is not likely to be favorable because short-term proved reserve additions are dominated by immediate economic conditions. During a period of 15 years or longer, the dominant part of the changes in field size is related to the extension and discovery of new pools and the application of improved technology.
The range of the estimates provides a rational basis for development of scenarios for projecting reserve additions and ultimately oil and gas production. Well-thought-out scenarios are often more appropriate than standard sensitivity analysis because these resource markets tend to react to change in an erratic fashion. Future applications of the bootstrap to the inferred reserve estimation problem could focus on the question of how the quality of the estimate changes as the amount of data, that is, years of discovery and number of years of estimation, increases. The uncertainty intervals could also be used as one of several criteria for evaluating alternative methods for estimating inferred reserves. Total oil (billions of barrels) Associated gas (trillions of cubic feet) Non-associated gas (trillions of cubic feet) Total gas (trillions of cubic feet)
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